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A NEW APPROACH TO SEPARABILITY AND COMPACTNESS IN SOFT
TOPOLOGICAL SPACES
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ABSTRACT. The concept of soft topological space was introduced by some authors. In the
present paper, we investigate some basic notions of soft topological spaces by using new soft
point concept. Later we give T;— soft space and the relationships between them are discussed
in detail. Finally, we define soft compactness and explore some of its important properties.
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1. INTRODUCTION

Many practical problems in economics, engineering, environment, social science, medical sci-
ence etc. cannot be dealt with by classical methods, because classical methods have inherent
difficulties. The reason for these difficulties may be due to the inadequacy of the theories of
parameterization tools. Several theories exist, for example, fuzzy set theory [21], intuitionistic
fuzzy set theory [4], rough set theory [16], which can be considered as mathematical tools for
dealing with uncertainties. Each of these theories has its inherent difficulties as it was pointed
out in [15] that initiated a completely new approach for modeling uncertainties and applied
successfully in directions such as smoothness of functions, game theory, operations research,
Riemann-integration, Perron integration, and so on. [12, 13] defined operations on soft set and
gave the first practical application of soft sets in decision making problems. The algebraic struc-
ture of set theories dealing with uncertainties is an important problem. Many researchers have
contributed towards the algebraic structure of soft set theory [2] defining soft groups and derived
their basic properties, [1] introduced initial concepts of soft rings, [7] defined soft semirings and
several related notions to establish a connection between soft sets and semirings, [20] defined
soft modules and investigated their basic properties. [17] studied soft ideals over a semigroup
which characterized generalized fuzzy ideals and fuzzy ideals with thresholds of a semigroup.
[8, 9] introduced fuzzy soft modules and intuitionistic fuzzy soft modules and investigated some
basic properties.
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[18] firstly introduced the notion of soft topological space which are defined over an initial
universe with a fixed set of parameters and showed that a soft topological space gives a parame-
terized family of topological spaces. Theoretical studies of soft topological spaces have also been
by some authors in [3, 6, 10, 11, 14, 19, 22].

In the present study, we first give some basic ideas about soft sets and the results already
studied. In addition to these, we give the concept of soft point in [5]. According to this
definition, we investigate some important notions of soft topological spaces. Later we give T;—
soft space and the relationships between them are discussed in detail. Finally, we investigate
soft compactness and some of its properties.

2. PRELIMINARIES

In this section we will introduce necessary definitions and theorems for soft sets. Molodtsov
[15] defined the soft set in the following way. Let X be an initial universe set and E be a set of
parameters. Let P (X) denotes the power set of X and A C E .

Definition 2.1. [15]. A pair (F, A) is called a soft set over X , where F' is a mapping given
by F': A— P(X).

Definition 2.2. [13]. For two soft sets (F, A) and (G, B) over X, (F,A) is called a soft
subset of (G, B) if

(1) A C B, and

(17) Ve € A, F (e) and G (e) are identical approximations.

This relationship is denoted by (F, A) C (G, B). Similarly,(F, A) is said to be a soft superset
of (G, B), if (G, B) is a soft subset of (F, A). This relationship is denoted by (F, A) D (G, B).
Two soft sets (F, A) and (G, B) over X are said to be soft equal if (F,A) is a soft subset of
(G, B) and (G, B) is a soft subset of (F, A).

Definition 2.3. [3]. The soft intersection of two soft sets (F, E) and (G, F) over X is the soft
set (H,E), and for alle € E, H (e) =F (e) NG (e) . This is denoted by (F, E)N(G,E) = (H, E).
The soft union of two soft sets (F,E) and (G, E) over X is the soft set (H, E), where H (e)
=F (e) UG (e) for all e € E. This relationship is denoted by (F,E)U (G,FE) = (H,E) .

Definition 2.4. [18]. The complement of a soft set (F, F) is denoted by (F,F)° and is
defined by (F, E)° = (F¢, E) where, F“: E — P (X) is a mapping given by F°(e) = X \ F (e)
for all e € E.

Definition 2.5. [18]. A soft set (F, F) over X is said to be a null soft set, denoted by &, if
for all e € E, F (e) = 0.

Definition 2.6. [18]. Let Y be a non-empty subset of X, then Y denotes the soft set (Y, E)
over X for which Y (e) = Y for all e € E. In particular, (X, E) will be denoted by X.

Definition 2.7. [18]. Let (F, F) be a soft set over X and Y be a non-empty subset of X.
Then the soft subset of (F, E) over Y denoted by (¥ F, E), is defined as follows ¥ F' (¢) = YNF (e)
for all e € E. In other words (Y F, E) = Y N(F,E).

Definition 2.8. [18]. Let 7 be the collection of soft sets over X , then 7 is said to be a soft
topology on X if

(1) ®, X belong to T,

(2) the union of any number of soft sets in 7 belongs to T,

(3) the intersection of any two soft sets in 7 belongs to .

The triplet (X, 7, E) is called a soft topological space over X. The members of 7 are said
to be soft open sets in X. A soft set (F, E) over X is said to be a soft closed set in X, if its
complement (F, E)° belongs to 7.
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Proposition 2.1. [18]. Let (X, 7, E') be a soft topological space over X. Then the collection
T7e ={F (e) : (F,E) € 7 } for each e € E, defines a topology on X.

Definition 2.9. [18]. Let (X, 7, E) be a soft topological space over X and (F, E) be a soft
set over X . Then the soft closure of (F, E), denoted by (F, E) ,is the intersection of all soft
closed super sets of (F, E). Clearly (F, E) is the smallest soft closed set over X which contains
(F,E).

Definition 2.10. [18]. Let x € X. Then (x, E) denotes the soft set over X for which
xz(e) ={z} foralle € E.

Definition 2.11. [22]. The soft set (F, A) is called a soft point in X, denoted by e, if for
the element e € A, F (e) # 0 and F (¢/) =) for all ¢’ € A — {e}.

3. SOME IMPORTANT CONCEPTS OF SOFT TOPOLOGICAL SPACES

Definition 3.1. [5]. Let (F, E) be a soft set over X. The soft set (F, E) is called a soft point,
denoted by (z., E) , if for the element e € E, F (e) = {z} and F (¢/) = 0 for all ¢ € E — {e}.
Let (ze, E) and (ye, E) over a common universe X be two soft points. We say that the soft
points are different points if x # y or e # €’

Proposition 3.1. Let (F, E) be a soft set over X. Then (F, F) is the union of its soft points.

Definition 3.2. Let (X, 7, FE) be a soft topological space over X . A soft set (F,FE) in
(X, 1, F) is called a soft neighborhood of the soft point (z., F) € (F, E), if there exists a soft
open set (G, E) such that (z., F) € (G, E) C (F,E).

The neighborhood system of a soft point (x., F), denoted by U (z,, E), is the family of all its
neighborhoods.

Theorem 3.1. The neighborhood system U (z., E) at (z., E) in a soft topological space
(X T, E) has the following properties:

If (F,FE) €U (x., E), then (z., F) € (F,E),
) f(F,E)eU (ze, F) and (F,E) C (G,E), then (G,E) € U (x., E),
3) If (F1,E), (F2, E) € U (¢, E), then (F1,E)N (F2, E) € U (z, E),
4) If (F,E) € U (z¢, E), then there exists a (G, E) € U (x¢, E) such that (F,E) € U (ye, E),
for each (y./, E) € (G, E) .

Definition 3.3. Let (X, 7, FE) be a soft topological space and (F, E) be a soft set over X .
The soft point (z., E) € (F, E) is called a soft interior point of a soft set (F, E), if there exists
a soft open set (G, E) € U (x., F) such that (z., F) € (G, E) C (F,E). Let (X, 7, E) be a soft
topological space and (F, E) be a soft set over X .Then the soft interior of (F, E), denoted by
(F, E)°, is the union of all soft open subsets of (F, E).

Theorem 3.2. Let (X, 7, F) be a soft topological space and (F, E) be a soft open set over
X . Then

(F,E)= U {(z¢, E) : (x, E) is any soft interior point of (F,FE) for each e € E}.
eelk
Proposition 3.2. Let (X, 7, FE) be a soft topological space and (F, E) be a soft set over X .

Then (F, E) is a soft open set if and only if (F, F) is a soft neighborhood of its soft points.
Definition 3.4. Let (X, 7, E) be a soft topological space, (F, E) be a soft set over X and
(xe, E) be a soft point. Then (x., F) is said to be a soft tangency point of (F, E) if (F,E) N
(G, E) # ® for arbitrary (G, E) € U (z., E).
Theorem 3.3. Let (X, 7, E) be a soft topological space and (F, E) be a soft set over X .
Then (F, FE) is a soft closed set in X if and only if every soft tangency point of (F, E) belongs
to it.
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Proof. Let (F, E) be a soft closed set, (z¢, E') be a soft tangency point and (z., E) ¢ (F, E).
Then (z., E) € (F,E). Since (F, E) is a soft open set in 7, it is a soft neighborhood of (z., F).
Then (F,E)°N (F,E) = ® . It follows that (z., F) € (F, E).

Conversely, (x., E) € (F,E)° be any soft point. Then (z., F) ¢ (F,E). Since (z¢, E) is not
a soft tangency point of (F, E), there exists a soft neighborhood (G, E) of (z., E) such that
(F,E)YN(G,E) =® . Since (z., F) € (G,E) C (F, E), we have that (F, E) is a soft open set,
i.e. (F,E) is a soft closed set.

Proposition 3.3. Let (X, 7, E) be a soft topological space, (F, E) be a soft set over X and
z € X. If (z., F) is a soft interior point of (F, E), then z is an interior point of F'(e) in (X, 7¢).

Proof. For any e € E , F(e) C X. If (x,, F) is a soft interior point of (F, E), then there
exists (G, E) € T such that (z., F) € (G, E) C (F,E). This means that, x € G (e) C F (e) and
G (e) € Te. x is an interior point of F' (e) in 7.

Proposition 3.4. Let (X, 7, E) be a soft topological space, (F, E) be a soft set over X and
x € X. If z is a tangency point of F'(e) in (X, 7.), then (x., E) is a soft tangency point of
(F,E).

Remark 3.1. The converse of Proposition 3.3 and Proposition 3.4 do not hold in general.

Example 3.1. Let X = {21, 22,23}, E = {e1,e2} and

- {@,X, (FL,E),(Fs, E), (F3, E) | (F4,E)} . where

Fi(er) = {z1,22}, Fi(e2) = {m1, 23}, Fa(er) = {x2}, Fa(e2) = {2, 23},
Fy(e1) = {z1,22}, F3(e2) = X, Fy(e1) = {xa}, Fu(e2) = {3},

Then (X, 7, E) is a soft topological space over X. Thus (F, F) is defined as follows:

F(e1) = {x1, 23}, F(e2) = {1, w3} . (1)

Then there is not a soft interior point of (F, E). But z; and z3 are interior points of F'(e3) in

Te, - Here 7o, = {{x1, 23}, {22, 23}, {z3}, X, 0}.
Example 3.2. Let X = {x1, 29,23}, E = {e1,e2} and

T:{@,)?,(Fl,E),(FQ,E),(Fg,E),(F4,E),(F5,E), (Fs, ), (F7,E)},Where

Fi(er) = {z, 22}, Fi(e2) = {1, 22}, Fo(er) = {a2}, F2(e2) = {z1, 23},
Fs(e1) = A{wo a3}, Fi(e2) ={a1}, Filer) = {2}, Fu(e2) = {21},
F5(e1) = {x1,m2}, F5(e2) =X, Fs(e1) =X, Fg(e2) = {x1, 22},

Fr(e1) = {xo,x3},Fr(e2) = {x1,23}.

Then (X, 7, E) is a soft topological space over X. Thus (F, E) is defined as follows:

F(e1) = {x1,23}, F(e2) =0.

Since (F, E) = (Fy, E)°, the soft point (z,,, F) is a soft tangency point of (F, E). But x9 is
not a tangency point of F' (ez) in 7e,.

4. SOFT SEPARATION AXIOMS
Definition 4.1. a) Let (X, 7, E) be a soft topological space over X and (z¢, E) # (yer, E).

If there exist soft open sets (F, E) and (G, E) such that (z., F) € (F,E) and(yes, E) ¢ (F, E) or
(yer, E) € (G, E) and (z¢, E) ¢ (G, E) ,then (X, 1, E) is called a soft Tp—space.
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b) Let (X, 7, FE) be a soft topological space over X and (x,, F) # (yer, E). If there exist soft
open sets (F, E) and (G, E) such that (z., E) € (F,E), (ye, E) ¢ (F,E) and (yo, E) € (G, E),
(ze, E) ¢ (G, E) then (X, 7, E) is called a soft T} —space.

c) Let (X, 7, E) be a soft topological space over X and (x., F) # (ye, F). If there exist soft
open sets (F, E') and (G, E) such that (z., ) € (F, E), (ye, E) € (G, E) and (F, E)N(G, E) = ?,
then (X, 7, F) is called a soft Th—space.

Theorem 4.1. Let (X, 7, F) be a soft topological space over X . Then (X, 7, E) is a soft
T1—space if and only if each soft point is a soft closed set.

Proof. Let (X, 7, E) be a soft T} —space and (z, E') be an arbitrary soft point. We show that
(xe, E)C is a soft open set. Let (yer, E) € (xe, E), (ze, E) # (yer, E) . Since (X, 7, E) is a soft
T} — space, there exists soft open set (G, E) such that (y., E) € (G, E) , (., E) ¢ (G, E) . Then
(yer, E) € (G, E) C (z,, E)°. This implies that (z., F)° is a soft open set, i.e. (x., F) is a soft
closed set.

Suppose that for each (z., E) is a soft closed set in 7. Then (x., E)° is soft open set in 7. Let
(e, E) # (yer, E). Thus (yer, E) € (x., E)° and (x,, E) ¢ (z., F)°. Similarly (y.r, F)¢ is a soft
open set in 7 such that (z., E) € (ye, E) and (yer, E) ¢ (yer, E)° . Therefore (X, 7, E) is a soft
T —space over X.

Proposition 4.1. Let (X, 7, E) be a soft topological space over X .

a) If (X, 1, E) is a soft Tp— space, then (X, 7.) is a Tp— space for each e € E.

b) If (X, 7, E) is a soft T} — space, then (X, 7.) is a T1— space for each e € E.

c) If (X, 7, E) is a soft To— space, then (X, ) is a To— space for each e € E.

Remark 4.1. a) Every soft 77— space is a soft Tp— space.

b) Every soft To—space is a soft 77 —space.

Example 4.1. Let X = {z1,22}, £ = {e1,e2} and 7 = {@,)Nf, (F, E)} , where
F(el) = {1'1},F(62) = X.

Then (X, 7, E) is a soft topological space over X. (X, 7, E) is a soft Tp—space over X which is
not a soft 17 —space.

Note that every soft point is a soft closed set in soft To—space. However, this fact is not valid
if we consider soft point as in [18].

Theorem 4.2. Let X be finite set. The soft topological space (X, 7, E) is a soft To—space
over X if and only if every soft point in (X, 7, E) is a soft open set.

Proof. Let X = {x,x9,...x,} be finite set and (X, 7, E) be a soft To—space. For soft
points (z1, E) # (22, E), we choose (Fy, 20, FE), (Fyya,, E) € 7 such that (z1,E) € (Fyy 1., E),
(22, E) € (Fpypy, ) and (Fy, 2o, E) N (Fpy 21, E) = . Now for the soft points (x1, E) # (x3, E)
and (xg, B) # (23, E), we get (Fyy 45, E) s (Fag 21, E) , (Frgzgs E) , (Frg 2y, E) € T such that

(xlaE) € (thwst)’(x&E) € (F3337331>E>7 (le,ﬂﬁst) N (FI3,I17E) =9

and
(x27E) S (sz,xst) ) (x?nE) € (FCE3,2727E) ) (FE27I3aE) N (F$3,9027E) = 2.
Then the soft open sets

(F$17$27:B37E) = (Fx1,w2aE)m(FI1,z3vE)7
(Fm,m,xgaE) = (sz,muE) N (sz,zng)7
(Fxs,xz,an) = (FSC3,I1’E)Q(FJ?37$27E)’
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the condition

(xlaE) € (Fm1,272,2737E) ) (332>E) € (F9E2,9E1,137E)7 ($3aE) € (F$3,$2,3317E)

and
( T1,72,%3) E) N ( T2,T1,T3) E) = 9,
( T1,%2,23> E) N ( Is@z@uE) = 9,
( T2,21,23) E) N ( $37$27I1aE) = ¢

are satisfied, i.e., the soft points (z1, F) , (z2, E) , (z3, F) have disjoint soft neighborhoods. Thus
for the soft points (z1, E), ..., (x,, E), we can find the soft sets (F;, E) € 7 such that (z;, FE) €
(Fy, E), (x5,F) € (F},E) and (F;, E)N (Fj,E) = @, for each ¢ # j. It is clear that if i # j ,
then (z;, F) ¢ (F}, E). Then (z;, E) = (F}, E).

Conversely, the proof is clear.

Theorem 4.3. Let (X, 7, E) be a soft T} —space, for every soft point (z¢, E), (z¢, E) € (G, E)
and (G, FE) € 7. If there exists a soft open set (F, E) such that (z., E) € (F,E) C (F,E) C
(G, E), then (X, 1, E) is a soft Th—space.

Proof. Suppose that (x¢, E) # (yes, E) . Since (X, 7, E) is a soft T1 —space, (x¢, E) and (ye/, F)
are soft closed sets in 7. Thus (2, E) € (Yer, E)° and (yes, F) is a soft open set in 7. Then there
exists a soft open set (F, E) in 7 such that

(e, E) € (F,E) C (F,E) C (yer, B)°.

Hence we have (ye,, E) € (F,E), (ze, F) € (F,F) and (F,E) N (F, E) =@, ie, (X,7,E)is a
soft Ty —space.

Definition 4.2. Let (X, 7, F) be a soft topological space over X, (F, E) be a soft closed
set in X and (z¢, F) ¢ (F,E) . If there exist soft open sets (Gi, E) and (Ge, E) such that
(ze, E) € (G1,E), (F,E) C (G2,E) and (G1,E)N (G2, E) = @, then (X, 7, F) is called a soft
regular space. (X, 7, F) is said to be a soft T5—space if it is soft regular and soft T} — space.

Remark 4.2. A soft T5—space is a soft To— space.

Theorem 4.4. Let (X, 7, E) be a soft topological space over X. (X, 7, F) is a soft Ts—space
if and only if for every (z., E) € (F, E) € 7, there exists (G, E) € 7 such that (z., F) € (G, E) C
(G,E) C (F,E).

Proof. Let (X, 7, E) be a soft T3—space and (z., E) € (F,E) € 7. Since (X, 7, F) is a soft
Ts—space for the soft point (z¢, F) and soft closed set (F, E)“, there exists (G1, FE), (G2, E) € T
such that (z.,E) € (G1,FE), (F,E)° C (G2,F) and (G1,E) N (G2,E) = ®. Thus, we have
(e, E) € (G1,E) C (G2, E)° C (F, E). Since (G2, E)° is a soft closed set, (G1, F) C (Ga, E)°“.

Conversely, let (z.,E) ¢ (H,E) and (H,E) be a soft closed set. Thus, (z.,F) € (H, E)°
and from the condition of the theorem , we have (z., E) € (G E) c (G,E) C (H,E)°. Then
(xze,E) € (G,E), (H,E) C ((G, E))C and (G,E)N ((G E)) = O are satisfied, i.e., (X, 7, F) is
a soft T5—space.

Theorem 4.5. Let (X, 7, E) be a soft topological space over X. If (X, 7, E) is a soft T3—space,
then (X, 7.) is a T3—space, for each e € E.

Proof. Let (X,7,E) be a soft topological space over X. By Proposition 4.1, (X, 7.) is a
T1—space. Let B C X be a closed set in 7. and x ¢ B. From the definition of 7., there
exists a soft closed set (F,FE) and (z., F) ¢ (F, E) such that F'(e) = B. Since (X,7,E) is a
soft regular space, there exist soft open sets (G, E) and (Ge, E) such that (z., E) € (G1,E),
(F,E) C (G, E) and (G1,E) N (G2, E) = ®. Thus we have x € Gi(e), B C Ga(e) and
G1(e)NGa(e) =10, ie. (X,7) is a T3—space for each e € E.
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Now we consider soft Ty—space in [18].

Remark 4.3. A soft T,—space is a soft Ts—space.

Theorem 4.6. Let (X, 7, E) be a soft topological space over X. Then (X, 7, E) is a soft
Ty—space if and only if, for each soft closed set (F, E) and soft open set (G, F) with (F, E) C
(G, E), there exists soft open set (D, E) such that

(F,E)cC (D,E)C (D,FE)C (G,E).

Proof. Let (X,7,E) be a soft Ty—space, (F,E) be a soft closed set and (F,E) C (G, E),
(G,E) € 7. Then (G,E) is a soft closed set and (F,FE) N (G,E)° = ®. Since (X, 7, F) is
a soft Ty—space, there exist soft open sets (Di, F) and (Dg, E) such that (F,E) C (D, E),
(G,E)° C (Dy, E) and (D1, E) N (D, E) = ®. This implies that

(F,E) C (D1, E) € (Ds, E)° C (G, E).
(Dy, E) is a soft closed set and (D1, E) C (Da, E)¢ is satisfied. Thus

(F,E)C (Dy,E) C (D1,E) C (G,E)

is obtained.
Conversely, let (F1, E), (F», E) be two soft closed sets and (F1,E) N (Fy, E) = ®. Then
(F1,E) C (Fy, E)°. From the condition of theorem, there exists a soft open set (D, E) such that
(FA,E)C (D,E)C (D,E) C (Fy, E)°.

So, (D, E), (D,E)° are soft open sets and (Fy,E) C (D, E), (Fs,E) C (D,E)" and (D,E)N
(D,E)" = ® are obtained. Hence (X, 7, E) is a soft Ty—space.

5. SOFT COMPACT SPACES

Now, we get soft compact spaces and investigate some of its important properties.
Definition 5.1. [22]. A family ¥ of soft sets is a cover of a soft set (F, F) if

(F,E) c | J{(F,BE): (F,,E) eV ieI}.

It is a soft open cover if each member of W is a soft open set. A subcover of ¥ is a subfamily of
W which is also a cover.

Definition 5.2. [22]. A soft topological space (X, 7, E) is soft compact space, if each soft
open cover of X has a finite subcover.

Theorem 5.1. Any soft closed subset of a soft compact space is a soft compact set.

Proof. Let (X, 7, E) be a soft compact space and (K, E) be a soft closed set in (X, 7, E).
Suppose that U = {(F;, E)}, is any soft open covering of (K, E) in (X, 7, E). Then since (K, E)
is soft closed set, (K, E) is a soft open set; hence UU{(K, E)“} is a soft open covering of (X, 7, F).
Since (X, 7, F) is a soft compact space, there exists a finite subcovering {(FZJ,E)} — such

j=1n
n

that (X,E) = U (F,,E)U (K,E)°. Thus (K,E) C G (F;,, E) is obtained, i.e. (K,E)is a
=1 i—1
soft compact sejt. !
In the following theorems, we use the concept of a soft point as given in Definition 3.1.
Theorem 5.2. Let (X, 7, E) be a soft topological space X . If (X, 7, E) is a soft compact
T,—space, then (X, 7, F) is a soft compact Ty—space.
Proof. Let (X, 7, F) be a soft To—space and (F}, E) and (F3, E) be two soft closed sets and
(F1,E) N (Fy, E) = ®. For the arbitrary soft points (ze, E) # (Yer, E), (ze, E) € (F1, E) and

(Yer, E) € (F», E) .Since (X, 7, E) is a soft To—space, there exist soft open sets (Glze’ye,,E)
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and (G, E) such that (z,, E) € (G, E), (er, B) € (Ga,,, . E) and (G, E) N

(Goy,.. B) =@,
Let (x., E) be a fixed soft point and (ye, F) € (Fy, E) be an arbitrary soft point. Then
{(Glzwe/,E)}(y \ B)e(Fo.E) is a family of soft open sets and is an open cover of (Fj, E'). Since

(Fy, E) is a soft compact set, there exists finite subfamily of this cover such that (Fy, E) C

U <G29ie- ,E). Thus N <G1m - ,E) is a soft open set and (z., F) € (Glm y ,E). If we
i=1 e =l “ i=1 “Vieq
take as (Gg, ;. F) = zﬂl (Glze . ,E) and (Dp, 4., E) = ZU1 (Ggy ), then (Gz..p,, E) N

(DFy 4., F) = @ is satisfied. Hence there exist soft open sets (GIE,FQ,E),(DFQ@E,E) in 7
such that (z.,E) € (Gg, ;. E), (F2, E) C (Dpy.,F). Then the family of soft open sets
{(GxevFWE)}(me,E)e(Fl,E) is an soft open cover of (Fi, E). Since (Fl,E) is a soft compact

set, there exists finite subfamily of this cover such that (Fi,E) C U (Ggyeis E), (F2,E) C

n n n
N (DFM;Z.@_,E) and J (Gg e, E) N ) (DFM%_,E) = ®. This means that (X, 7, F) is a soft
i=1 ! i=1 i=1 !
compact Ty—space.
Note that, this theorem is not valid if we consider soft point as in [18].
Example 5.1. Let X = {z1,22,23} and F = {ej, ea,e3}. The soft sets F; : E — P (X) on

X, for 1 <1 < 36, are defined as follows

Fi(er) = {xi}, Fi(ez) ={a1}, Fi(e3) = {a1},

F; (e {zo}, Fa(e2) = {x2}, Fa(e3) = {z2}

F3 (e {zs}. F3(e2) = {zs}, F3(e3) ={xs},

Fy(e1) = A{x1,m2}, Fi(e2) = {z1,22}, Fi(e3) = {z1, 22},
F5(e1) = {mz,z3}, F5(e2) ={x1,23}, Fs5(e3) = {z1,23},
Fg(eq {za, 23}, Fg(e2) = {2, z3}, Fg(e3) = {2, 23},
Fr (e {z1, 23}, F7(e2) = {za2}, Fr(e3) ={z1},

Fg(er) = A{x1,23}, Fs(e2) = {1, 22}, Fy(e3) ={a1},
Fy(er) = A{x1}, Fy(ea) =0, Fy(e3) = {z1},

X, Fig(e2) = {x2}, Fio(e3) = {z1, 12},
0, F11(e2) = {x2}, Fi1(e3) =0,
{1,203}, Fiz2(e2) = {x2, 23}, Fia(e3) = {1, 23},
{z3}, Fi3(e2) =0, Fi3(e3) =0,
X, Fua(e2) = {1, 22}, Fra(e3) = {1, 22},
{1}, Fis(e2) = {z2}, Fis(es) = {z1},
{r1, 23}, Fig(e2) = X, Fig(e3) = {z1, 73},
{21,23}, Fi7(e2) =0, Fi7(e3) = {z1},
X, Fig(e2) = {z2, 73}, Fig(e3) = X,
= {x3}, Fio(e2) = {22}, Fio(e3) =10,
= {mw2,23}, Fao(e2) = {z1,23}, Fho(e3) = X,
= X, 21 (e2) = {1,703}, Fo1(e3) = X,
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Iy (er) = 0, Fo(e2) = {z1}, Fho(e3) = {a1},

Fas(e1) = A{xz,a3}, Faz(e2) = X, Fog(e3z) = X,

Fhy (e1) {2}, Faa(e2) =0, Fou(e3) = {a2},

Fys (e1) {z2}, Fos(e2) =0, Fos(e3) = {1, 22},

Fe (1) {3}, Fag(e2) = {z1, 23}, Fas (e3) = {1, 23},
For (1) {2, w3}, For(e2) = {3}, For(e3) = {wa, 23},
Iys(er) = {as}, Fhs(e2) =0, Fas(es) = {z1},

Fyy(e1) = A{axs}, Fag(e2) ={x1}, Fag(e3) = {z1},
F3p(e1) = 0, Fzo(e2) =0, F3(e3) = {z1},

F31 (e1) {2, 23}, F31(e2) =0, F31 (e3) = {x1,22},

Fi; (e1) {3}, Fa2(e2) ={zs}, Fs2(e3) = {1, 23},
Fiz(e1) = A{x2,x3}, Fis(e2) ={a1}, Fi3(es) = {z1, 22},
Fiy(er) = A{as}, Fsa(e2) = {z1, 23}, Fa(es) = {z1, 23},
F35(e1) {zo, w3}, F35(e2) = {x3}, F35(e3) = X,
Fie(er) = {as}, Fye(e2) = {z2}, Fie(e3) = 0.

Then 7 = {<I>,)A(/, (F,E), ..., (F36,E)} is a soft topology. The soft topological space (X, T, E)
is a soft compact space and soft Th—space. But (X, 7, E) is not a soft normal space. Indeed,
we consider the soft closed sets (F, E) = (F7,E)°, F (e1) = {x2},F (e2) = {1,235}, F (e3) =
{xg,xg} and (G,E) = (FQO,E)C, G(el) = {xl},G(eg) = {wg}, G(eg) = @ .

Here the soft closed sets are disjoint. The soft open sets (Fao, E) , (Fb1, E), (Fa3, E) contain
(F,E) and the soft open sets (F4,E), (F7,E), (Fg,E), (Fl(),E), (Flg,E), (F14,E), (F15,E),
(Fi6, E), (Fis, F) contain (G, E).

But intersection of this soft sets is not null soft set. Thus (X, 7, E') is a soft compact and soft
Th—space, but it is not soft normal space.

Theorem 5.3. Let (X, 7, E) be a soft topological space over X . If (X,7, E) is a soft
Tr—space and (F, F) is a soft compact set, then (F, E) is a soft closed set.

Proof. Let (X, 7, E) be a soft To—space and (F, E) be a soft compact set. We will show
that (F, E)“ is a soft open set. Consider (y., F) € (F, E)°, this means that (z¢/, E) # (Ye, E)
for each (z¢, F) € (F,E). Since (X,7,FE) is a soft Tho—space, there exist soft open sets
(Goeryer £) , (Dy. ao, E) such that (zer, E) € (Gaeyyes E), (Yes E) € (Dye,ae, E) and (Ga,, ., E) N
(Dy, 2., E) = ® . Then the family of soft open sets (Gy,, 4., ) is an open cover of (F, E'). Then
there exists a finite subfamily of this cover such that (F, E) C LnJ (Gxie,i,yeyE) We consider

i=1

the family of soft open sets {(Dye,mie,i,E)}' such that <foie/i,ye7E> N (Dye,wiewE) = P,

i=1n

where (y., E) € (‘Dy571‘ie/i7E> for each i =1, n.

If we take (D,,,E) = ) (‘Dye,xie/i7E>7 then (D,,, E) is a soft open neighborhood of (y., E)
i=1
and (D,,,E) N (U (GxED — & . This implies that (y, E) € (D,,,E) C (F,E)", ie,
i=1

(F,E) is a soft open set. Thus (F, F) is a soft closed set.
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Theorem 5.4. Let (X, 7, E) be a soft topological space over X. If (X, 7, E) is a soft compact
T>—space, there exists a soft open set (F, E) such that

(ze, E) € (F,E) C (F,E) C (G,E)

for each soft point (z¢, E) and (x., F) € (G, E), where (G, FE) € T .

Proof. Let (X, 7, E) be a soft topological space. Since (X, 7, E) is a soft compact Th—space,
it is a soft Ty—space. Every soft Ty—space is a soft Ts—space. Thus (X, 7, E) is a soft T5—space.
Let (z¢, ) be a soft point, (G, FE) € T and (x¢, E) € (G, E). Then (G, E)° is a soft closed set and
(ze, E) ¢ (G, E)°. Since (X, 7, F) is a soft Ts—space, there exists soft open sets (F, E), (D, E)
such that

(ze,E) € (F,E), (G,E) C(D,FE) and (F,E)N(D,FE) = ®.
This implies that
(1., B) € (F.E) C (D, E) C (G, E).

Hence (D, E) is a soft closed set and (F, E) C (D, E)°. Then

(ze, E) € (F,E) C (F,E)C (G,E)

is obtained.

Theorem 5.5. Let (X, 7, E) be a soft topological space over X. If (X, 7, F) is a soft T;—space,
then (Y, 7y, F) is a soft T;—space for i =0, 1, 2.

Proof. Let (z¢, E), (Yer, E) € (Y, 7y, E) such that (¢, E) # (yer, E). Thus there exist soft
open sets (F, E) and (G, E) in X which satisfying conditions of soft T;—spaces such that (z., E) €
(F,E), (yer, E) € (G,E). Then (2., E) € (F,E)NY and (yo, E) € (G,E)NY. Also the soft
open sets (F, E)NY, (G,E)NY in 7y are satisfying conditions of soft T;—space for i = 0, 1, 2.

Theorem 5.6. Let (X, 7, E') be a soft topological space over X. If (X, 7, F) is a soft T5—space,
then (Y, 7y, F) is a soft Ts—space.

Proof. By Theorem 5.5, (Y, 7y, E) is a soft T1—space. Let (z., E) € Y and (F, E) be a soft

closed set in Y such that (z.,E) ¢ (F,E). Since (F,E) is a soft closed set in Y, (F,E) =
Y N(F1, E), for some soft closed set (Fy, E) in X. It is clear that (z., E) ¢ (F1, E). As (X, 7, E)
is a soft Ts—space, there exist soft open sets (G1, F) and (Gg, E) such that (z¢, E) C (G1, E),
(F,E) C (Go, E) and (G1, E) N (G, E) = ®. Then (G, E)NY, (Go, E)NY € 7y such that

(ze, E) € (G1,E)NY,(F,E) C (Go, E) Y and ((Gl,E) N 17) N (G, E)NY = .

Thus (Y, 7y, E) is a soft T5—space.

Theorem 5.7. Let (X, 7, E) be a soft topological space over X. If (X, 7, F) is a soft Ty—space
and Y is a soft closed set of X, then (Y, 1y, E) is a soft Ty—space.

Proof. Let (X,7,E) be a soft Ty—space and Y be a soft closed set of X . Let (Fi, E) and
(Fy, E) be two soft closed sets over Y such that (F, E) N (Fy, E) = ®. As Y is a soft closed
set, (F1,E) and (Fy, E) are soft closed sets in X. Since (X, 7, F) is a soft Ty—space, there
exist soft open sets (G1, E) and (Ga, E) such that (F1,E) C (G1,E), (F3,E) C (G2, E) and
(G1,B) (G2, B) = ®.Then (Fi, E) = (G1, E)NY, (Fy, B) = (G, E)NY and ((G1, E)NY )

((GQ,E) N }7) = ®. This implies that (Y, 7y, E) is a soft Ty—space.
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6. CONCLUSION

We have introduced soft separation axioms in soft topological spaces which are defined over

an initial universe with a fixed set of parameters. Later their important properties are inves-

tigated. In the end, we have studied soft compact space and constructed relationship between
soft separability and compactness in soft topological spaces.
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